Strangeness neutrality and the QCD phase diagram by Rennecke, Fabian et al.
Strangeness Neutrality and the QCD Phase Diagram
Fabian Rennecke∗
Physics Department, Brookhaven National Laboratory, Upton, NY 11973, USA
E-mail: frennecke@bnl.gov
Wei-jie Fu
School of Physics, Dalian University of Technology, Dalian, 116024, P.R. China
E-mail: wjfu@dlut.edu.cn
Jan M. Pawlowski
Institut für Theoretische Physik, Universität Heidelberg, Philosophenweg 16, 69120 Heidelberg,
Germany
E-mail: j.pawlowski@thphys.uni-heidelberg.de
Since the incident nuclei in heavy-ion collisions do not carry strangeness, the global net
strangeness of the detected hadrons has to vanish. We show that there is an intimate relation
between strangeness neutrality and baryon-strangeness correlations. In the context of heavy-ion
collisions, the former is a consequence of quark number conservation of the strong interactions
while the latter are sensitive probes of the character of QCD matter. We investigate the sensi-
tivity of baryon-strangeness correlations on the freeze-out conditions of heavy-ion collisions by
studying their dependence on temperature, baryon- and strangeness chemical potential. The im-
pact of strangeness neutrality on the QCD equation of state at finite chemical potentials will also
be discussed. We model the low-energy sector of QCD by an effective Polyakov loop enhanced
quark-meson model with 2+1 dynamical quark flavors and use the functional renormalization
group to account for the non-perturbative quantum fluctuations of hadrons.
Corfu Summer Institute 2018 "School and Workshops on Elementary Particle Physics and Gravity"
(CORFU2018)
31 August - 28 September, 2018
Corfu, Greece
∗Speaker.
c© Copyright owned by the author(s) under the terms of the Creative Commons
Attribution-NonCommercial-NoDerivatives 4.0 International License (CC BY-NC-ND 4.0). https://pos.sissa.it/
ar
X
iv
:1
90
7.
08
17
9v
1 
 [h
ep
-p
h]
  1
8 J
ul 
20
19
Strangeness Neutrality and the QCD Phase Diagram Fabian Rennecke
1. Introduction
Understanding the phase structure of the strong interactions, described by Quantum Chro-
modynamics (QCD), is a key cornerstone for our understanding of the formation of matter in the
universe. Phase transitions from states of matter described by the fundamental degrees of freedom
of QCD, quarks and gluons, to states characterized by hadronic matter are believed to have occurred
in the early universe only microseconds after the big bang, and potentially also in the interior of
neutron stars. Recreating the extreme conditions necessary for a systematic study of the phase dia-
gram requires the collisions of heavy ions at ultrarelativistic energies, see e.g. [1, 2, 3, 4, 5, 6]. By
varying the beam-energy
√
s, it is possible to scan different regions of the phase diagram in these
heavy-ion collisions.
One mayor challenge is to experimentally identify phase transitions in the first place. At low
baryochemical potential µB, it is known that there is a continuous crossover rather than a proper
phase transition [7, 8, 9]. Effective model calculations suggest that this crossover might turn into
a critical endpoint (CEP), where the transition is of second order, followed by a first-order phase
transition [10]. However, since only hadrons can be measured directly, the challenge is to identify
observables which inherit signatures of a crossover or a phase transition that might have occurred
during the evolution of the quark-gluon plasma created in heavy-ion collisions. The CEP is of
particular interest here, since the correlation length diverges at a second-order phase transition,
giving rise to critical phenomena. A prominent example for such observables are non-Gaussian
event-by-event fluctuations of particle multiplicities [11, 12].
The situation is additionally complicated by the fact that the QCD phase diagram is not only
spanned in the two-dimensional plane of temperature T and µB, but is a multi-dimensional object
depending on additional directions, such as strangeness chemical potential µS, charge chemical
potential µQ, magnetic fields and rotation frequency. Additionally, non-equilibrium effects related
to the expansion- and cooling rate of the plasma as well as strong electrical fields could modify the
signatures of the phase structure. In general, the hadrons reaching the detector inherit the properties
of the QCD medium at freeze-out. There is compelling evidence that at least some of the properties
of the system at freeze-out can be described by equilibrium thermodynamics [13]. Furthermore, the
typical freeze-out time is many orders of magnitude shorter than the timescale of flavor-changing
weak decays. Hence, quark number conservation of the strong interactions has to be taken into
account. Each quark flavor therefore has a chemical potential associated to it. Since the typical
energy scales for the study of the phase diagram are 2piTc ≈ 1GeV, where Tc is the (pseudo-)
critical temperature, we can focus on the three lightest flavors q= (u,d,s)T , and the corresponding
chemical potentials can be described by the matrix,
µ =
µu 0 00 µd 0
0 0 µs
=
 13µB+ 23µQ 0 00 13µB− 13µQ 0
0 0 13µB− 13µQ−µS
 . (1.1)
The coupling to the quarks is given by q¯γ0µq. With these chemical potentials, the particle number
correlations mentioned above can be described by the generalized susceptibilities,
χBSQi jk (T,µB,µS,µQ) =
∂ i+ j+k p(T,µB,µS,µQ)/T 4
∂ µˆ iB∂ µˆ
j
S∂ µˆ
k
Q
, (1.2)
1
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where p is the pressure of QCD and µˆ = µ/T . Owing to quark number conservation, the associated
particle numbers, net-baryon number, net-strangeness and net-charge,
〈B〉= 〈NB−NB¯〉=V T 3χB1 , 〈S〉= 〈NS¯−NS〉=V T 3χS1 , 〈Q〉= 〈NQ−NQ¯〉=V T 3χQ1 , (1.3)
are fixed by the initial conditions of the heavy-ion collision. Since the incident nuclei have vanish-
ing net strangeness, the strangeness neutrality condition 〈S〉= 0 therefore has to be fulfilled during
each stage of the collision. The net-charge is fixed by the charge of the nuclei. Since the net-baryon
number at mid-rapidity depends on the beam-energy, we assume that µB is a free parameter here,
which can be mapped one-to-one to a given beam-energy, see e.g. [14].
In this talk, we address the question how the conservation of net-strangeness influences the
phase structure and thermodynamics of QCD. For simplicity, we restrict ourselves to µQ = 0 for
the most part. Note that realistic charge chemical potentials are indeed significantly smaller than the
strangeness chemical potential [15]. We first derive a simple relation between strangeness neutrality
and baryon-strangeness correlations CBS. This elucidates the interplay between the composition of
QCD matter at different T and µ and particle number conservation. We demonstrate that CBS
carries signatures of the chiral phase transition at finite µB. This is based on [16]. Then, we show
how thermodynamic properties and the chiral and deconfinement phase transitions are affected by
strangeness neutrality. These results are based on [17].
2. Strangeness neutrality
As already mentioned, particle number conservation in heavy-ion collisions implies that the
the net-strangeness has to vanish and net-charged is fixed from the incident nuclei. For simplicity,
we focus on isospin-symmetric matter, µQ = 0. This implies that up- and down-quarks can be
treated equally and we will refer to them as light quarks l = u= d. Strangeness neutrality implicitly
defines the strangeness chemical potential,
µS0(T,µB) = µS(T,µB)
∣∣
〈S〉=0 . (2.1)
For a given T and µB (or
√
s) it is always possible to find a strangeness chemical potential such
that the net-strangeness vanishes. This is most easily seen in the QGP phase at very large T  Tc,
where all strangeness is carried by the strange quarks and antiquarks. Since µB couples equally
to all quark flavors, see Eq. (1.1), increasing µB will also increase the number of strange quarks
in the system. Since, for historical reasons, a positive strangeness chemical potential increases
antistrange over strange quarks (note the sign of µS in Eq. (1.1)), the effect of µB can always be
compensated by
µS0(T  Tc,µB) = 13µB . (2.2)
In the hadronic phase, this situation is complicated by the fact that both baryons and mesons can
carry strangeness. This gives rise to a nontrivial µS0 which sensitively depends on the composition
of strongly interacting matter. Since the net-strangeness density, nS, is given by nS = T 3χS1 , see
Eq. (1.3), the definition of µS0 implies
χS1 (T,µB,µS0) = 0 . (2.3)
2
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By taking a total derivative with respect to µB, the right-hand side is still zero and we find
d
dµˆB
χS1 (T,µB,µS0) = χ
BS
11 (T,µB,µS0)+χ
S
2 (T,µB,µS0)
∂ µˆS0
∂ µˆB
= 0 . (2.4)
This provides an implicit definition of the strangeness chemical potential in terms of the differential
equation,
∂µS0
∂µB
=
1
3
CBS(T,µB,µS0) , (2.5)
where we defined the baryon-strangeness correlation:
CBS =−3χ
BS
11
χS2
. (2.6)
Hence, by integrating the measured CBS over the beam-energy for isospin-symmetric matter, one
could extract the strangeness chemical potential. Conversely, the slope of µS0 in µB-direction
determines CBS. Baryon-strangeness correlations have been introduced in [18] as a diagnostic to
elucidate the nature of strongly interacting matter. In terms of particle number correlations, one
has at strangeness neutrality:
CBS =−3〈BS〉〈S2〉 . (2.7)
If, as above, we assume we are deep in the deconfined phase with T  Tc where the strong coupling
is very small, there is no correlation between different quark flavors. Hence, only strange quarks
can contribute to both the denominator and the numerator of Eq. (2.7). Furthermore, there is a strict
relation between strangeness S and the baryon number Bs of strange quarks, Bs =−S/3. Hence,
CBS(T  Tc,µB) = 1 . (2.8)
Thus, CBS has to become unity deep in the deconfined phase. The same result follows from
Eqs. (2.2) and (2.5). In the hadronic phase, baryons can carry, aside from baryon number, also
strangeness, while mesons can only carry strangeness. Strange baryons give the dominant contri-
bution to the numerator of Eq. (2.7), while both strange mesons and baryons are important con-
tributions for the denominator. For small µB, mesons significantly outnumber baryons and CBS is
expected to be smaller than unity. For large µB, but still in the confined phase, baryons gain in
relevance. Positive strangeness is primarily carried by kaons and and negative strangeness by the
hyperons Λ and Σ. So at large µB, the strangeness carried by kaons is compensated by the hyperons
and CBS can become larger than unity. We see that CBS is determined by an intriguing interplay
between the different degrees of freedom of QCD in the different regimes of the phase diagram.
This is the reason why, despite its simplicity, Eq. (2.5) is an intriguing relation: It gives precise
meaning to the intuitive connection between the conditions necessary to realize particle number
conservation (described by µS0) and the composition of QCD matter, which is sensitive to its phase
structure (described by CBS). In the following, we want to explore this relation in more detail.
But before we do that, we want to note that Eq. (2.5) easily generalizes to the case of isospin-
asymmetric matter with µQ 6= 0. In this case, in addition to χS1 = 0, one has the condition χQ1 /χB1 =
3
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Z/A, where Z is the atomic number and A is the mass number of the incident nuclei. For instance,
both for Au and Pb, one has Z/A≈ 0.4. This yields the following generalization of Eq. (2.5):
∂µS0
∂µB
=
1
3
CBS− χ
QS
11
χS2
∂µQ0
∂µB
,
∂µQ0
∂µB
=
χBS11
(
χSQ11 − ZAχBS11
)−χS2(χBQ11 − ZAχB2 )
χS2
(
χQ2 − ZAχBQ11
)−χSQ11 (χSQ11 − ZAχBS11 ) .
(2.9)
These differential equations generalize the relations used by lattice QCD simulations for the deter-
mination of the freeze-out conditions of heavy-ion collisions, which are only valid at small µB/T ,
to arbitrary µB and T [15, 19, 20].
3. Low-energy QCD and the functional renormalization group
The impact of strangeness neutrality at finite µB and T is studied within a low-energy effective
theory of QCD as put forward in [17]. In order to capture the main features of strangeness, the
quantum-, thermal- and density fluctuations of open strange mesons, strange baryons and quarks
have to be taken into account. Since kaons are pseudo-Goldstone bosons of spontaneous chiral
symmetry breaking, they are the most relevant strange degrees of freedom in the mesonic sector.
Moreover, chiral symmetry dictates that if kaons are included as effective low-energy degrees of
freedom, all other mesons in the lowest scalar and pseudoscalar meson nonets have to be included
as well. Confinement of quarks is effectively taken into account by coupling quarks to a uniform
temporal gluon background field A¯0 = A¯
(3)
0 t
3+ A¯(8)0 t
8, with the color group generators tc ∈ SU(3).
In total, this gives rise to a 2+1 flavor Polyakov-loop enhanced quark-meson (PQM) model with
the Euclidean effective action (β = 1/T ):
Γk =
∫ β
0
dx0
∫
d3x
{
q¯
(
γνDν + γνCν
)
q+hq¯Σ5q+ tr
(
D¯νΣ·D¯νΣ†
)
+U˜k(Σ)+Uglue(L, L¯)
}
. (3.1)
Quantum, thermal and density fluctuations of modes with Euclidean momenta k ≤ |p| . 1 GeV
have been integrated out. We assume that the gauge degrees of freedom are fully integrated out
at this scale. The gauge covariant derivative only contains the background gauge field, Dν = ∂ν −
igδν0A¯0. The scalar and pseudoscalar mesons are encoded in the flavor matrix Σ = T a(σa + ipia),
where the T a generate U(N f ), and Σ5 = T a(σa + iγ5pia), see e.g. [21]. The couplings of quarks
and mesons to the chemical potential µ in Eq. (1.1) is achieved by formally introducing the vector
source Cν = δν0µ and defining the covariant derivative acting on the meson fields D¯νΣ = ∂νΣ+
[Cν ,Σ], [22].
Spontaneous chiral symmetry breaking is captured by the meson effective potential U˜k(Σ),
U˜k(Σ) =Uk(ρ1,ρ2)− jlσl− jsσs− cAξ . (3.2)
It consist of a fully U(N f )L×U(N f )R symmetric part Uk(ρ1,ρ2), where ρi = tr
(
ΣΣ†
)i are chiral
invariants. The linear terms jlσl and jsσs explicitly break chiral symmetry and are in one-to-
one correspondence to light and strange current quark masses. σl ∼ 〈l¯l〉 and σs ∼ 〈s¯s〉 are directly
4
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related to the light and strange chiral condensates which signal spontaneous chiral symmetry break-
ing. The last term explicitly breaks U(1)A. This symmetry breaking is a consequence of the axial
anomaly and ξ = detΣ+detΣ† is the instanton-induced ’t Hooft determinant [23, 24].
The deconfinement phase transition is captured statistically by including an effective potential
for the gluon background field Uglue(L, L¯), formulated in terms of the order parameter fields for
deconfinement, the Polyakov loops,
L = trc exp(igA¯0/T ) , L¯ = trc[exp(igA¯0/T )]† . (3.3)
They are sensitive to the center symmetry of the SU(3) gauge group and can therefore be used
as order parameters for the confinement-deconfinement transition. In PQM effective models an
effective potential for A¯0 (or equvalently the Polyakov loops) that is fitted to the lattice equation of
state of Yang-Mills theory is used as input and the effects of dynamical quarks are included through
the coupling to the gluonic background in the quark covariant derivative. For a recent review see
[25]. We use the parametrization of the Polyakov loop potential put forward in [26], since it also
captures the lowest-order Polyakov loop susceptibilities which directly contribute to the particle
number susceptibilities [27]. The coupling of the gluon background field to the quarks effectively
introduces baryons to the system. The reason is that in the presence of A¯0 the thermal quark number
distribution nF(E,T,µq), where nF is the ordinary Fermi-Dirac distribution and µq = µB/3, is
replaced by the modified distribution,
NF(E,T,µq;L, L¯) =
1+2L¯e(Eq−µq)/T +Le2(Eq−µq)/T
1+3L¯e(Eq−µq)/T +3Le2(Eq−µq)/T + e3(Eq−µq)/T
. (3.4)
In the confined phase with L, L¯ ≈ 0 it takes the form NF ≈ 1/
{
exp[3(Eq− µq)/T ]+ 1
}
, which is
the distribution function for a qqq-state, a baryon. See [28] for a more careful discussion of this
behavior. In the deconfined phase, characterized by L, L¯ ≈ 1, NF is identical to the distribution
of a single quark. The terms exp[2(Eq− µq)/T ] in Eq. (3.4) can be interpreted as intermediate
diquark states. So the coupling of the gluon background field A¯0 to the quarks leads to a smooth
interpolation between baryons in the hadronic phase and quarks in the QGP. Even though the ef-
fective action in Eq. (3.1) only has mesons as explicit hadronic content, we can still account for
baryon dynamics. Including both a baryon- and a strange chemical potential allows us to capture
the effects of strange and nonstrange baryons separately.
The intricate interplay between meson, baryon and quark dynamics described in the previous
section necessitates a treatment of the system beyond the mean-field approximation. Otherwise,
open strange meson fluctuations and in particular kaons for instance, which play a crucial role for
strangeness in the hadronic phase, are neglected and the relevant physics can’t be captured properly.
Furthermore, the couplings of the effective action (3.1) are typically strong and we want to compute
at finite µB. We therefore need a non-perturbative method to compute quantum fluctuations which
does not have a sign problem. Here, this is achieved by solving the non-perturbative renormaliza-
tion group flow equations for the effective action Γk by means of the functional renormalization
group (FRG) [29],
∂tΓk =
1
2
Tr
[(
Γ(2)k [Φ]+Rk
)−1∂tRk] , (3.5)
5
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Figure 1: Left: Strangeness density as a function of µS at µB = 300 MeV for various temperatures. The
zero crossings define µS0(T,µB). The factor c is just for illustration purposes. Right: Strangeness chem-
ical potential at strangeness neutrality, µS0, as a function of the baryon chemical potential µB for various
temperatures T (solid lines). T is increasing from bottom to top from 100 MeV to 250 MeV. The dashed
line corresponds to the asymptotic limit of free quarks. In this limit one finds µS0 = µB/3 according to our
discussion in Sec. 2.
with t = ln(k/Λ). Γ(2)k [Φ] is the matrix of second order functional derivatives of the effective action
with respect to the fields Φ = (q, q¯,Σ,L, L¯). Rk implements infrared-regularization at momenta
p2 ≈ k2. The trace involves the integration over loop-momenta, the color-, flavor- and spinor-traces
as well as the sum over different particle species including a minus sign for fermions. Solving
Eq. (4) amounts to successively integrating out fluctuations starting from the initial action Γk=Λ,
with Λ= 900 MeV in our case, down to the full quantum effective action Γk=0. The FRG provides
a non-perturbative regularization and renormalization scheme for the resummation of an infinite
class of Feynman diagrams, see, e.g., [30, 31, 32, 33] for QCD-related reviews.
In the following, we use Eqs. (3.1) and (4) to shed more light on the physics discussed in
Sec. 2. For more details regarding our explicit computations, we refer to [17].
4. Baryon-strangeness correlations and strangeness neutrality
From the solution of the flow equation (4), we obtain the quantum equations of motion and the
thermodynamic potential Ω as
δΓ0[Φ]
δΦ
∣∣∣∣
Φ=ΦEoM
= 0 , Ω=
Γ0[ΦEoM]
βV
. (4.1)
A fist important check of the validity of our model is to compare it to the results of lattice QCD at
vanishing and small µB. This has been done in [17], where we find very good agreement for various
thermodynamic quantities. To extract the strangeness chemical potential at strangeness neutrality,
µS0(T,µB), we compute the strangeness density nS for various T and µB as a function of µS. µS0 is
then given by the zero-crossings of this function. In the left plot of Fig. 1 we show some examples.
Note that nS monotonously increases with µS from negative to positive values at finite µB. This
is expected since µB increases antistrangeness while µS increases strangeness. We can therefore
always find a zero crossing and µS0 is well-defined.
6
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Figure 2: Left: Baryon-strangeness correlation CBS as a function of temperature T for different baryon
chemical potential µB at strangeness neutrality. µB increases from 0 to 675 MeV from bottom to top. At
µB = 0 we compare to the result of lattice QCD [34]. The thin black line indicates the free quark limit.
The errors reflect the 95% confidence level of a cubic spline interpolation of our numerical data. Right:
Comparison between CBS computed at strangeness neutrality, i.e. µS = µS0 (solid lines), and at µS = 0
(dashed lines), where strangeness conservation is violated at finite µB.
We use this to extract µS0(T,µB). We restrict ourselves to µB ≤ 675 MeV since our model fails
to capture important qualitative features of the theory at larger µB, cf. [17]. We note that, within the
model, the transition is still a crossover in this region. The resulting µS0 is shown in the right plot
of Fig. 1. The characteristic shape of µS0(µB) can be understood qualitatively from our discussion
in Sec. 2. Eq. (2.5) implies that its features are directly linked to CBS, which will be discussed in
the next paragraph. We point out that at large temperatures the system undergoes a crossover to the
deconfined phase with a pseudocritical temperature of Td ≈ 155 MeV. Asymptotically, µS0(µB) has
to follow Eq. (2.2), indicated by the dashed black line in the figure. However, since the Polyakov
loops are still smaller than unity at T = 250 MeV in our computations, implying that the system is
not fully deconfined, this asymptotic limit is not yet reached here. Still µS0(µB) is approximately
linear already at T ≈ 180 MeV, with a slope only slightly smaller than 1/3.
Following Eq. (2.5), we can extract CBS at strangeness neutrality from the slope of µS0. This
is shown in the left plot of Fig. 2. There, CBS(T,µB,µS0) is shown as a function of T for various
µB. At µB = 0 we compare to lattice results and find good agreement. We have also checked that
our results are in good agreement with the hadron resonance gas (HRG) at small temperatures for
finite µB. This highlights that our model captures the relevant physics quite well. But our results go
significantly beyond both the lattice and the HRG. If we focus on the region of small T first, we see
that CBS grows with increasing µB and eventually turns from smaller than unity to larger than unity.
This is in line with the discussion in Sec. 2: At small µB open strange mesons outnumber baryons
and thus baryon-strangeness correlations are suppressed. At larger µB baryons, and in particular
hyperons, become relevant and start to compensate the (negative) strangeness of kaons, leading to
a growing of CBS above unity. This also qualitatively explains the slope of µS0 turning from smaller
to larger than 1/3 in the right plot of Fig. 1.
With increasing temperature, more baryons can be excited and CBS first grows with T . In the
deconfined phase it has to approach unity following the discussion of Eq. (2.8). Consequently,
CBS has to become non-monotonous at large µB where CBS > 1. This is clearly seen in Fig. 2. In
7
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Figure 3: Comparison between our full result for µS0 (solid lines) and Eq. (4.2) (dashed lines) for µB =
150, 450 and 660 MeV (from bottom to top).
this region, CBS develops a pronounced peak. The peak position coincides with the pseudocritical
temperature of the chiral phase transition. Hence, our results demonstrate that CBS not only reflects
the intricate interplay of meson, baryon and quark dynamics, but also shows a direct signature of the
chiral phase transition. We note that, as opposed to, e.g., the kurtosis of particle number correlations
∼ χB4 /χB2 , this is not necessarily due to the growing correlation length as the crossover becomes
sharper. Since CBS is defined by a ratio of two second-order susceptibilities (2.6), it seems unlikely
that it is sensitive to critical physics. But to draw any conclusions, this has to be investigated in
more detail. It seems that the origin of the direct sensitivity CBS to the QCD phase transition is due
to the distinct difference between the dynamics of the dominant degrees of freedom in the hadronic
and the QGP phase, and not necessarily due to critical physics.
To asses the relevance of strangeness neutrality on baryon-strangeness correlations, we com-
pare our results for CBS at strangeness neutrality to those obtained at µS = 0 in the right plot of
Fig. 2. Since there is no relation between µS and CBS for µS = 0, we have to compute it from
Eq. (2.6) directly in this case. We see that CBS is significantly larger at µS = 0 compared to at
strangeness neutrality. This is due to the fact that increasing µS compensates for the strangeness
generated by increasing µB. If µS is not adjusted to enforce strangeness neutrality, more strange
baryons can be excited. We see that taking into account the conservation of net-strangeness is
crucial for an accurate description of the baryon-strangeness correlations present in heavy-ion col-
lisions.
We have argued that it is crucial to treat the system beyond mean-field approximations in
order to capture the important dynamics of open strange mesons. To corroborate this statement, we
compare our result for µS0 with the result obtained within a mean-field approximation. To this end,
we use the relation:
µS0
∣∣∣
fermions
(T,µB)≈ µB3 −
T
2
ln
[
L¯(T,µB)
L(T,µB)
]
, (4.2)
which can be derived from the fermion contribution to the flow equation , assuming that the (ratio
of) the Polyakov loops is independent of µS. This equation has been derived in [35] and it has been
shown to be about 3% accurate for a mean-field study. A comparison to our FRG result is a good
indication for the relevance of meson fluctuations. This is shown in Fig. 3, where we show µS0 as
8
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Figure 4: Comparison between the pressure (first row) and the trace anomaly (second row) at strangeness
neutrality (solid blue line), at µS = 0 (dashed orange line) and at µS = µB/3 (dotted gray line) for various µB
as functions of T .
a function of T for different µB. We see that fluctuation effects beyond mean-field are crucial. The
competing effects on strangeness between open strange mesons and strange baryons is not captured
due to the missing meson fluctuations in the mean-field approximation.
5. QCD phase structure and thermodynamics
Here, we investigate the impact of net-strangeness conservation on the phase structure and
thermodynamics. From the thermodynamic potential Ω in Eq. (4.1), we can extract all thermody-
namic quantities, e.g. the pressure p, the entropy s, the energy density ε , the trace anomaly I,
p =−Ω , s = ∂ p
∂T
, ε =−p+T s+µBnB+µSnS , I = ε−3p , (5.1)
and, of course, the generalized susceptibilities in Eq. (1.2). We compare these quantities for three
different cases: At strangeness neutrality nS = 0 with µS = µS0(T,µB), at vanishing strangeness
chemical potential µS = 0, and at µS = µB/3. The latter choice is motivated by having a vanishing
strange quark chemical potential, cf. (1.1). Deep in the deconfined phase this is identical to µS0
according to Eq. (2.2). We show our results for the pressure and the trace anomaly in Fig. 4. At
small µB there is no significant difference between all these choices since the equation of state is
not very sensitive to chemical potential effects in this regime. The difference between µS = µS0 and
µS = 0 becomes significant already at moderate chemical potentials. For the pressure, the reason
is that the larger µB, the more steeply it rises with T above the phase transition since the phase
transition becomes sharper. A finite µS0 removes part of the baryon dynamics from the system
and thus delays this effect. As expected, the choice µS = µB/3 is in perfect agreement with the
strangeness neutral result at large temperatures. Even at small temperatures, we only see small
deviations. In this region, the pressure is not very sensitive to any variations in µS. In the hadronic
phase pion fluctuations dominate the pressure. The trace anomaly is more sensitive to strangeness
effects. The reason is that the baryon and strangeness densities directly contribute to I. With
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Figure 5: Chiral and deconfinement phase diagrams projected onto the (T, µB)-plane. Left: Relative error
of the subtracted condensate for strangeness neutrality and µS = 0. The solid and dashed lines indicate the
chiral phase boundary as defined by the inflection point of ∆LS(T ) for nS = 0 and µS = 0 respectively. Right:
The same for the Polyakov loop. Here, the solid and dashed lines indicate the deconfinement phase boundary
as defined by the inflection point of L(T ) for nS = 0 and µS = 0.
increasing µS, also the baryon density is suppressed. At strangeness neutrality with nS = 0 this
leads to a significant suppression of the trace anomaly at large µB as compared to µS = 0. Note that
in both cases, the µSnS contribution to I in Eq. (5.1) vanishes. Interestingly, also here µS = µB/3 is
a good approximation to the result at strangeness neutrality over the full range of temperatures. We
have shown in [17] that this is not the case for the speed of sound, which we do not discuss here.
To study the effects on the phase structure itself, we look at the chiral and deconfinement phase
transitions separately. In the crossover region, the result for the phase transition temperature is not
unique. It depends of the definition of the pseudocritical temperature, see e.g. [36]. For the order
parameter of the chiral phase transition we use the subtracted condensate,
∆LS =
(
σl− jljsσs
)∣∣
T(
σl− jljsσs
)∣∣
T=0
. (5.2)
For the confinement-deconfinement phase transition we use the Polyakov loop L in Eq. (3.3). Note
that the antiloop L¯ yields exactly the same results for the phase transition as L. In any case, we
define the pseudocritical temperature as the inflection point of the order parameter as a function of
T for any µB. To study the effect of strangeness conservation, we again compare the case µS = µS0
and µS = 0. Since both transitions are crossovers, a meaningful assessment requires the comparison
of the global shape of the order parameters. To this end we also compute the relative differences of
the order parameters ∆LS(T,µB) and L(T,µB),
∆LS
∣∣
nS=0
−∆LS
∣∣
µS=0
∆LS
∣∣
nS=0
,
L
∣∣
nS=0
−L∣∣µS=0
L
∣∣
nS=0
. (5.3)
The phase diagrams for the chiral and deconfinement transitions in the (T, µB)-plane are shown
in Fig. 5. Note that these diagrams are projections onto this plane. The results at strangeness
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Figure 6: Isentropes in the phase diagram projected onto the (T, µB)-plane.
neutrality actually extend additionally along the µS axis. The solid and dashed white lines show
the pseudocritical temperatures for µS = µS0 and µS = 0 respectively. The density profile shows
the relative difference of the order parameters in Eq. (5.3). The pseudocritical lines at strangeness
neutrality are always above the ones at µS = 0 and the difference grows with increasing µB. This
delay of the phase transition to lager µB at a given T has the same origin as our findings for the
pressure. Baryon effects (relative to meson effects), which are responsible for the sharpness of the
crossover and also the bending of the phase boundary towards the µB-axis with increasing µB, are
partly suppressed at finite µS since it effectively removes strange baryon contributions. However,
even at the larges baryon chemical potential considered here, µB = 675MeV, this only has roughly
a 5% effect on the pseudocritical temperatures.
This is drastically different if one looks at the overall difference of the order parameters. There,
the effect on the chiral transition is up to about 30% and on the deconfinement transition up to about
20%. The relation ∆LS
∣∣
nS=0
≥∆LS
∣∣
µS=0
holds for all T and µB considered here, so the chiral conden-
sate starts melting at larger T and more slowly at strangeness neutrality. The effect is largest above
the pseudocritical line. In the hadronic phase, the differences are very small. For the Polyakov
loops we always find L
∣∣
nS=0
≤ L∣∣µS=0. Here, the differences are larges below the pseudocritical
line in the hadronic phase. Recalling that the QGP phase is characterized by restored chiral sym-
metry and broken center symmetry, our results show that the phase phase diagram in the region of
restored symmetry is most sensitive to strangeness conservation.
While we didn’t push our computation to the CEP of the model, we can still speculate on the
effect of strangeness neutrality on its location. We note that the crossover is already very sharp
at µB = 675MeV, so it is unlikely that the CEP is at much larger µB. Since the phase transition
is of second order the CEP, the critical temperature is uniquely defined. The phase transition can
then be read-off from the global shape of the order parameters. We have shown that at large µB
strangeness has a large effect on the order parameters. Taking strangeness neutrality into account
could therefore potentially also have a ∼ 30% effect on the location of the CEP. Following our
discussion above, we expect it to move to larger µB as compared to µS = 0. We emphasize that we
do not expect the present model to give an accurate prediction of the location of the CEP. However,
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the physical effects observed here will certainly also be relevant in a more quantitative study of the
phase diagram.
Finally, we study isentropes in the phase diagram. Their relevance derives from the fact that the
QGP evolves hydrodynamically at the later stages of the heavy-ion collision. It has been shown that
this QGP fluid is almost ideal with a very small shear viscosity over entropy density ratio, see e.g.
[37]. This implies that the QGP evolves through the phase diagram close to the isentropes, defined
by a fixed ratio of entropy and baryon number, s/nB. Again, we compare µS = µS0 and µS = 0.
The results are shown in Fig. 6. The isentropes show a very characteristic behavior: They bend
in the phase transition region and the sharper the transition, the sharper the bending. Interestingly,
in studies of the isentropes within two-flavor PQM models, this only occurs for small s/nB [38].
Hence, the sensitivity of the isentropes to the phase transition at large s/nB can be attributed to
strangeness.
The behavior of the isentropes in the hadronic phase is dictated by the Silver-Blaze property
of QCD [39]. At T = 0 and µB . mN , where mN is the nucleon mass, the baryon number has to
vanish. Hence, the isentropic curves bend towards larger µB with decreasing T . The difference
between nS = 0 and µS = 0 is small at small temperatures because the lightest baryonic resonance
does not carry strangeness. Furthermore, the entropy density grows with T . The baryon number,
on the other hand, has a maximum at the chiral phase transition and slowly decreases with increas-
ing temperature above Tχ . Hence, the isentropes bend towards larger µB with increasing T above
the phase transition. The regions where the isentropes turn therefore clearly indicate the transition
region. Since the baryon number at strangeness neutrality is systematically smaller than for µS = 0
at a given µB, the bending of the isentropes above the phase transition is stronger at strangeness
neutrality. We also find that the isentropes at strangeness neutrality are systematically shifted to-
wards larger µB. This can also be understood from the fact that the baryon number decreases with
increasing µS. This effect dominates over the corresponding effect on the entropy density (which
behaves very similar to the pressure in Fig. 4). The overall effect of strangeness conservation on
the evolution of the QGP through the phase diagram is significant.
6. Conclusions
We have demonstrated that particle number conservation relevant for heavy-ion collisions has
significant effects on the phase structure and thermodynamics of QCD. On the example of net-
strangeness conservation, we have shown that there is an intricate interplay between hadronic and
partonic sources of strangeness which is highly sensitive to the composition of QCD matter. One
consequence of this is that baryon-strangeness correlations carry a direct signature of the QCD
phase transition. Our results show that it is indispensable to take strangeness neutrality into account
for an accurate description of strongly interacting matter in heavy-ion collisions.
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